
Appendix.Anti Aliasing Filter 
 
AA Filter 1: Nyquist’s Theorem: 
  
When sampling an analogue signal the sample rate must be high enough to enable the 
analogue signal to be accurately represented. The digital wave and the reconstructed 
output are however subject to a number of distortion effects. The predominant effect and 
the reason for the filter is known as signal aliasing. 
 
In this case Aliasing occurs when a wave is sampled at too slow a frequency. This creates 
a lower frequency when reconstructed. If that digitised frequency contained random noise 
or an interference signal then the frequency will be shifted down into our data band of 
frequencies and cause interference. 
 
Nyquist’s theorem states that the sample rate (fs) must be greater than or equal to twice 
the highest frequency in the analogue input (fc) in order to prevent aliasing. 
 
 
From the specifications of the system the sample rate will be 50 kHz. Thus the maximum 
frequency that can be present in the analogue signal must be less that 25 kHz. While the 
MEMS device should not produce frequencies above 2 kHz the system uses an oscillator 
of much greater frequency. Further to this non linearities within the system will produce 
harmonics and noise components that may cause aliasing in the digitisation stages. 
 
AA Filter 2: Filter Types: 
 
There are a number of different types of filters available that are suitable for an anti 
aliasing filter. The ideal case of the filter is to have zero attenuation in the pass band, an 
infinite attenuation in the stop band and an infinitely steep roll off between the two. 
Further to this the ideal phase response would be to introduce no phase changes onto the 
signal.  
 
While ideal filters are impossible to create in the real world there are a number of filters 
that allow us to come close to the ideal. They do however all have slight drawbacks from 
the ideal as expected but are often sufficient to meet the requirements of the 
specifications. 
 
Within this system three filters where investigated, the Bessel filter, the Butterworth filter 
and the Chebyshev filter. Each of these filters is based on the same circuit topology and 
different circuit topologies are able to achieve slightly different specifications.  
 
The circuit topology that has been chosen for this system is the Sallen – Key circuit.  
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In the above diagram n and m in the above circuit values are ratio scaling factors between 
the components. The design choice of using this particular circuit has been made as the 
circuit is suitable for construction on integrated circuit chips and minimises the effects of 
device variation and non ideal op-amp characteristics. As the circuit is independent of op 
amp characteristics the filter could be implemented using the low power op amps 
provided. This is an option because the filter does not require high gain nor will it be 
operating on high frequencies. From the Op-Amp characteristics using the low power 
version of the QinetiQ Op-Amp would save 2.2mA for every low power amplifier used in 
the system. 
 
When designing filters of different types using the same circuit topology the type of filter 
is dependant on how the component values are selected and their relationships to one 
another. It is the position of the filters poles and zeros that dictates the component values. 
These poles are however dependant on a design choice and dictate the characteristics and 
type of filter. Each of the filters above is based on a slightly different mathematical 
series. The Bessel filter for example is based on the Bessel function and the terms in its 
series expansion. 
 
The Bessel Filter: 
 
The Bessel filter is also known as the maximally flat group delay filter and gives a 
perfectly linear phase response over its pass band. The importance of this will be 
discussed in a later appendix and relates to phase distortion of the analogue signal. The 
Bessel filter does however has the disadvantage that the gain starts to roll off before the 
cut off frequency and as such the cut off frequency must be slightly higher than designed 
in order to preserve gain in the pass band. Further to this the filter has a relatively slow 
roll off. While the roll off of the gain tends to -20n dB/Dec where n is the order of the 
filter the response tends to slowly decrease until it hits this attenuation roll off. 
 
The Chebyshev Filter: 
 
This filter is designed to have the fastest roll off achievable and typically reduces the 
order of filter required to obtain a similar specification. While this means that the 
Chebyshev is closer to the ideal filter gain response, filters of this type tend to exhibit a 
number of disadvantages. While the gain roll off is far superior to the other types of filter 
discussed within this appendix the fast gain roll off is only achievable given a certain 
amount of ripple within the pass and stop bands. While this gain response ripple is not 
ideal and may cause distortions in the output, the ripple can be within a tolerable limit.  
 
A further disadvantage to filters of this type is that they often exhibit highly non linear 
phase responses; the degree of importance of this disadvantage varies with the application 
into which the filter will be used. 



The Butterworth Filter: 
 
The above two filter types where at the opposite extremes with the Chebyshev filter 
having a very good gain and the Bessel filter having superior and in fact mathematically 
perfect phase response. The Butterworth filter is a compromise between the two filters 
above. The Butterworth is also known as the maximally flat filter as it exhibits 
mathematically perfectly flat gain response within the pass band. While this gain roll off 
response is not as sharp as the Chebyshev filter and hence requires higher orders of filter, 
it has a much improved gain roll off with respect to the Bessel filter.  
 
The Butterworth also has a phase response that while not as perfect as the Bessel filter is 
a large improvement on the highly non linear phase response of the Chebyshev filter. 
 
AA Filter 3: Initial Design Choice: 
 
Initially the Butterworth filter was chosen because of its maximally flat gain response and 
its phase characteristics. It was felt that in order to maximise linearity the gain should be 
completely flat until the pass band. As linearity is related to the ratios between maximum 
and minimum signals the filter should have a flat response. In this case the Butterworth 
filter was investigated and it was found that a 4th order filter would be required to obtain 
the roll off required. The poles of the filter were also calculated and from these the 
relevant factors that make up the transfer function for the filter were derived. 
 
Calculation of Filter Order: 
 
The filter will have a number of user defined specifications such as the attenuation in the 
stop band, using these, the roll off required can be found as such: 
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The filter will be designed for a cut off frequency of 2.5kHz. This means that the desired 
rotational frequency, Wc is 15.7k rad s-1. If a tolerance level of ±10% is placed on the cut 
off point of the filter then Ws and Wp can be calculated. These rotational frequencies are 
the frequencies at the edges of the stop and pass bands. An attenuation factor for the stop 
band can then be added as well as a maximum attenuation in the pass band, this was 
chosen to be -15dB. Using these values the order of the filter can be calculated using the 
rounded up value gained from: 
 
 
 
 
 
 
 
With these values it was found that for this response a 4th order Butterworth filter would 
be required. It is important to note that the attenuation in the stop band above is not the 
slope of the gain response in dB per decade rather it is the attenuation requires at +10% 
of the cut off frequency. 
 
With a filter of Nth order the gain roll off maximum is 20N dB/dec or for this example it 
will be 80dB per decade. 
 
The Butterworth filter response can be characterised using a number of poles, where in 
the general case there are 2N poles where N is the order of the filter. The poles lie on a 
unit circle on the Argand diagram (seen below) with their relative positions given by: 
 
 
Poles occur when: 
 
 
 
Therefore: 
 
But as s=jw, therefore w=-js, therefore: 
 
 
Therefore: 
 
 
 
If N=n is Even then: 
 
 
 
Even Order Filter:  
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If N=n is Odd the: 
 
 
 
Odd Order Filter: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The position of the poles will vary with the order of the filter and will also vary with the 
type of filter being implemented. The Chebyshev filter poles for example lie on an ellipse 
in the complex plane 
 
In the case of the 4th order Butterworth filter the poles were found to be 22.5º and 67.5º 
from the horizontal. Mirroring this into the other three quadrants gives the 8 pole pairs 
required to describe the filter response. In order to find the transfer function of the filter 
the angles of the poles can be inserted into the H(s) function as shown below: 
 
 
 
Factors derived from H(s): 
 

H(s) = (s + 0.9239 + j0.3827)(s + 0.3827 + j0.9239) 
 
This can be expanded and factorised into the form: 
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Fig. AA - Argand Diagram. Shows the position of filter poles, poles mirror into the other quadrants of 
diagram. 
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The equation for H(s) involving 2cosθ can be derived from the above through the 
multiplication of the conjugate pairs of terms from the poles 
 
This will give two factors that will form the full transfer function of the filter. With these 
in hand the component values can then be calculated to form the relevant stages in the 
filter. 
 
From nodal analysis of the Sallen-Key circuit the transfer function has the form: 
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AA Filter 4 - Redesign Choice for the Anti-Aliasing filter: 
 
Through a process of discussion during the design meetings it was decided that the anti 
aliasing filter should be designed using the Analogue Devices Web Design Tool. The 
reason for this is that over the iterative design process and shifting requirements from the 
preceding stages of the system there would be a vast degree of redesign. While pole and 
factor calculation are relatively simple tasks the choosing of component values is very 
much based on ratios between components. As such calculation of component values 
would take unnecessary time. 
 
It was also discussed that the phase response of the anti aliasing filter would be of more 
importance than the gain response which could be compensated for earlier in the system.  
 
Phase Distortion and Analogue to Digital Conversion: 
 
While linearity of the system is related to how the maximum and minimum signals 
correspond to digitised levels. The phase response of the system will have an effect on 
the levels of digitisation noise and distortion. For a digital output to have no phase 
distortion the analogue input phase must be linear. While this means that the phase does 
not have to be flat over the entire frequency band it does mean that the group delay must 
be constant. If the phase response is not linear, such as the phase response of the 
Chebyshev filter, different frequencies will become skewed in time causing problems 
when digitised. 
 
Secondary Filter Design Choice: 
 
After the above considerations and an in-depth discussion on the required filter response 
it is evident that the Bessel filter should be chosen for this system. The main reason for 
this is that it has a maximally flat group delay response and as such will not introduce any 
phase distortions into the digitised signal. The Bessel filter has a relatively slow roll off 
when compared to filters such as the Chebyshev filter, as such the order of the filter will 
be increased to an 8th order. While the gain starts to roll off at a much lower frequency 
than the -3dB cut off frequency it was decided that it would be possible to increase the 
cut off frequency of the filter to minimise the attenuation of the signal in the pass band. 
Further to this the main gain stage could be designed to compensate for this non ideal 
gain response. It is possible to increase the cut off frequency of the filter up to a point just 
below 25 kHz (half the sample rate). As the maximum frequency from the MEMS device 
is restricted to 2 kHz the initial filter design was for a cut off frequency of 2.5 kHz the 
filter therefore has latitude to change the cut off frequency. 
 
Increasing the cut off frequency does however have a knock on effect on the attenuation 
factor in the stop band. Hence there is a design trade off between minimum attenuation of 
the signal in the pass band and a lowering of the attenuation factor in the stop band. The 
increased order of the filter with respect to the initial Butterworth design should help to 
counteract the lessening of the attenuation factor in the stop band as the cut off frequency 
increases.  



Table AA-01 shows a selection of filters with simulated results and parameters. 
 

Low Pass 8th Order Bessel Filters and 
Simulated Results 

 

     

Cut Off 
Frequency, Fc 

Gain at 2kHz Gain at 
25kHz 

Phase Change 
at 2kHz 

Phase Gradient if 
Linear 

     

kHz dB dB º º per Hz 

2 -1.19 - - - 

4.31 -0.6045 -80 -88 0.044 

9.301 -0.028 -22.8 -35 - 

15.15 -0.05 -9.2 -24.6 - 

20.4 0 -4.6 -18 - 

     

Key: - = Unmeasured or not applicable 

 
AA Filter 5: Filter Simulation and Real Effects: 
 
The above table shows how at a low cut off frequency the attenuation of the signal due to 
the filters gain response is much too high for our needs. While this factor is not as 
important as the filters phase response an attenuation of 1.2dB at 2 kHz would hinder the 
high frequency or low amplitude response of the system. 
 
The table also shows that as the cut off frequency increases the total phase change 
introduced into the signal at 2 kHz decreases. This however comes at the cost of the gain 
roll off at 25 kHz. 
 
In the ideal situation the filter would remain flat in the pass band and have an infinitely 
small gain in the stop band. This would be coupled with an ideally flat phase response. 
As the magnitude of the phase change is not important but rather the group delay 
response, a filter of 4.3 kHz has been chosen to satisfy both the attenuation in the pass 
band and a reasonable attenuation factor in the stop band.  
 
From simulation of the 4.3 kHz filter the 0.6dB decrease in the signal amplitude towards 
the 2 kHz region would create unwanted non linearity within the system. This however 
can be corrected at the mechanical level by changing the damping factor used in the 
MEMS device. By decreasing the damping factor a total mechanical and electrical 
linearity of 0.25% can be obtained over the device operating frequency range. This does 
however assume that the cut off frequencies of the gain stages, differential amplifier and 
demodulator are sufficiently high as to cause negligible effect at the operating frequency 
range. 
 
However if this was not the case then filter could be modified to have a higher cut off 
frequency for example a frequency of 5.5 or 6kHz. This would increase the linearity of 
the gain response in the pass band to approximately -0.1dB and would also decrease the 
total phase change introduced into the signal by the filter. As discussed earlier increasing 



the cut off frequency will decrease the amount of attenuation applied in the stop band. 
While it is important to get it to a reasonable value, an attenuation of 60dB would be 
adequate. 
 
AA Filter 6: Final Component Values: 
 

Low Pass 8th Order Bessel Anti Aliasing Filter 4.3 kHz 

      

 Stage 1 Stage 2 Stage 3 Stage 4 Units 

3db Cut Off 
Frequency 7.135 8.781 7.837 7.351 kHz 

Quality Factor 0.506 1.226 0.7104 0.5597  

C1 0.1 0.1 0.1 0.1 nF 

C2 0.098 0.017 0.05 0.08 nF 

R1 200 440 290 240 kΩ 

R2 200 440 290 240 kΩ 

R3 50 50 50 50 kΩ 

R4 10 15 20 25 MΩ 

 
AA Filter 7: Alternative Methods and Uses: 
 
While the full anti aliasing filter is too much for the application a similar filter based on 
the same design could be implemented before the differential amplifier in order to clean 
the signal coming from the demodulator stage. While this would add more stages into the 
system and use more power the gain in performance may be significant.  
 
Another potential use for this filter would be to help with gain and noise characteristics 
for the first stage electrical circuit. The system used the changing capacitance of the 
MEMS device to shift the bode plot of a high pass filter. This filter is implemented using 
the simple single capacitor and single resistor circuit. The roll off from this filter is very 
shallow and as such the voltage gain from the circuit is rather small. There is a noise 
consideration at this point. If a small signal is amplified up into a larger signal then the 
additive noise will be much more significant in the signal. 
 
In systems such as this it is advantageous to start off with as large a signal as possible and 
then amplify that signal to the appropriate level. Firstly as the initial signal is larger the 
parasitic noise in the device will be a much smaller proportion of the total signal. In 
addition to this the reduced gain required due to the larger initial signal will improve the 
additive noise at each gain stage.  
 
As discussed above the first stage electrical high pass filter has a steady but shallow roll 
off. While this means that the output is highly linear and there is no chance of the circuit 
shifting into a non linear region of the Bode plot the sensitivity and voltage gain could be 
improved. 
 



If a filter such as the filters described in this stage of the system were to be implemented 
at the first electrical high pass filter stage then the bode plot would have a much steeper 
and hence higher gain response. This would however present a problem with linearity as 
the frequency “bias” point would need to be accurate enough to prevent the filter slipping 
out of its linear region. 
 



Anti Aliasing Filter Gain Response (Logarithmic Scale). 



Anti Aliasing Filter Gain Response (Linear Scale Zoom) 



Anti Aliasing Filter Phase Response (Linear Scale Zoom) 
 

 


